Abstract. This paper is a survey on the role of Higgs bundle theory in the study of higher Teichmüller spaces. Recall that the Teichmüller space of a compact surface can be identified with a certain connected component of the moduli space of representations of the fundamental group of the surface into PSL(2, R). Higher Teichmüller spaces correspond to special components of the moduli space of representations when one replaces PSL(2, R) by a real non-compact semisimple Lie group of higher rank. Examples of these spaces are provided by the Hitchin components for split real groups, and maximal Toledo invariant components for groups of Hermitian type. More recently, the existence of such components has been proved for SO(p, q), in agreement with the conjecture of Guichard and Wienhard relating the existence of higher Teichmüller spaces to a certain notion of positivity on a Lie group that they have introduced. We review these three different situations, and end up explaining briefly the conjectural general picture from the point of view of Higgs bundle theory.
Introduction
Given a compact surface S of genus g ≥ 2, consider the moduli space of representations of the fundamental group of S in SL(2, R). Attached to such a representation there is an integer invariant d, which by Milnor [Mil58] satisfies the bound |d| ≤ g − 1.
In the maximal case d = g − 1 (or d = 1 − g) the moduli space has 2 2g connected components, all of which are homeomorphic to R 6g−6 and can be identified to the Teichmüller space of S. All the representations in these components are Fuchsian, that is, discrete and faithful. When passing to the adjoint group PSL(2, R) all these components get identified.
Higher Teichmüller spaces appear when one replaces SL(2, R) by certain real Lie groups of higher rank. These spaces have been studied from several points of view. In this paper we will focus on the role played by the theory of Higgs bundles. This powerful theory, introduced by Hitchin [Hit87] , is very useful in identifying these spaces and studying their topology, in particular counting the number of connected components. To do this, one chooses a complex structure on S, making it into a compact Riemann surface X. Given a semisimple real Lie group G, with a choice of a maximal compact subgroup H ⊂ G, one has a Cartan decomposition of the Lie algebra of G, given by g = h⊕m, where h is the Lie algebra of H and m is the orthogonal complement of h with respect to the Killing form of g. A G-Higgs bundle over X is a pair (E, ϕ) consisting of a holomorphic H C -bundle E over X and a holomorphic section ϕ of the bundle E(m C )⊗K, where E(m C ) is the vector bundle associated to E via the isotropy representation H C → GL(m C ), and K is the canonical line bundle of X -the holomorphic cotangent bundle of X. The non-abelian Hodge correspondence proved by Hitchin [Hit87] , Donaldson [Don87] , Simpson [Sim88, Sim92] , Corlette [Cor88] and others (see [GGM09] ) establishes a homeomorphism between the moduli space M(G) of polystable G-Higgs bundles over X and the moduli space R(G) of reductive representations of the fundamental group of S in G.
In [Hit92] Hitchin constructed components of the moduli space of representations R(G) when G is the split real form of a complex simple Lie group G C which, like Teichmüller space, are homeomorphic to a real vector space, in this case of dimension dim G(2g − 2). Originally referred by him as generalized Teichmüller components, they are now called Hitchin components. Such components appear as sections of the Hitchin fibration for the moduli space of G C -Higgs bundles. This fibration is defined by the map h : M(G C ) → B(G C ) sending a G C -Higgs bundle (E, ϕ) to (p 1 (ϕ), . . . , p r (ϕ)), where p 1 , . . . , p r is a basis of the ring of G C -invariant homogeneous polynomials of g C . Hence
, where d i is the degree of p i . These degrees are indepedent of the basis and depend only on the group. The Hitchin components can then be identified with the vector space B(G C ) which has half the dimension of M(G C ). An alternative (equivalent) way of definining the Hitchin components is by directly considering the Hitchin map for the Lie group G. In fact this exists for any semisimple Lie group G.
The Hitchin map in this case h : M(G) → B(G) is obtained by applying a basis of the ring of H
C -invariant polynomials of m C . One can construct in this general situation a section of h, but only when G is split does this define a component of M(G) -when G is split B(G) = B(G C ) (see [GPR18] ).
The Hitchin components consist entirely of representations of π 1 (S) in G that can be deformed to a representation that factors through a Fuchsian representation π 1 (S) → SL(2, R), where SL(2, R) → G is the irreducible representation of SL(2, R) in G, which always exists when G is a split real form. One may need to consider PSL(2, R) if the group G is of adjoint type. In this case, like for PSL(2, R), the Hitchin component is unique. It follows from the work of Labourie [Lab06] and Fock and Goncharov [FG06] that, similarly to the Teichmüller component for PSL(2, R), all the representations in a Hitchin component are discrete and faithful. In his paper [Hit92] Hitchin already posed the question on the relation of his generalized Teichmüller components with geometric structures. A geometric interpretation of these components for G = SL(3, R) has been given by Choi-Goldman [ChG93] and more recently for more general split groups by Labourie [Lab06] Fock-Goncharov [FG06] , and Guichard-Wienhard [GW08] .
The group SL(2, R) is of course a split real form of SL(2, C) but it is also a group of Hermitian type. For such a group G, the symmetric space G/H is Kähler. The symmetric space SL(2, R)/SO(2) can be identified with the Poincaré upper-half plane. Another direction in which Teichmüller space can be generalized is by considering a higher rank non-compact simple Lie group G of Hermitian type with finite centre. The Lie algebra of a group of this type is one of the following: su(p, q), so * (2n), sp(2n, R), so(2, n), e −14 6 and e −25 7 (we are using Helgason's notation [Hel01] ). In this situation the centre z of h is isomorphic to R, and the adjoint action of a special element J ∈ z defines an almost complex structure on m = T o (G/H), where o ∈ G/H corresponds to the coset H, making the symmetric space G/H into a Kähler manifold. The almost complex structure ad(J) gives a decomposition m C = m + + m − in ±i-eigenspaces, which is H C -invariant. An immediate consequence of this decomposition for a G-Higgs bundle (E, ϕ) is that it gives a bundle decomposition E(m C ) = E(m + ) ⊕ E(m − ) and hence the Higgs field decomposes as ϕ = (ϕ + , ϕ − ), where ϕ + ∈ H 0 (X, E(m + ) ⊗ K) and
Another important ingredient of G-Higgs bundles for this class of groups is the Toledo invariant. This is a topological invariant attached to a G-Higgs bundle (E, ϕ), in fact attached to E. It is defined by considering a special character χ T of h C called the Toledo character. If this lifts to a characterχ T of H C , we consider the associated line bundle E(χ T ), and define the Toledo invariant τ of (E, ϕ) as τ = τ (E) := deg(E(χ T )).
Otherwise one can show that there is a rational number q T such q T χ T lifts to a character χ T , and one can define τ = τ (E) := components in the split case. As in this case, all the representations in R max (G) are Anosov in the sense of Labourie [Lab06, BILW05] , and are related to geometric structures of various kinds [GW12] .
From the Higgs bundle point of view the tube-type condition plays a fundamental role in constructing a bijective correspondence -called Cayley correspondence -between the moduli space of maximal Higgs bundles M max (G) and the moduli space of K 2 -twisted H * -Higgs bundles over X, where H * ⊂ H C is the non-compact dual of H, described above. These are defined like Higgs bundles except that the twisting is by K 2 instead of K. An immediate consequence of this correspondence is the existence of new topological invariants for maximal Higgs bundles which are hidden a priori, and which play a crucial role in determining the number of connected components of M max (G).
Up to a finite cover, there is only one group which is both split and of Hermitian type, and in fact of tube type. This is the symplectic group Sp(2n, R). The tube realization is the Siegel upper half space. The Hitchin representations are actually maximal but, except for the case n = 1, there are maximal components that are not Hitchin components (see [Got01, GGM13] ).
Maximal Higgs bundles, and hence maximal representations, in the non-tube case present also very interesting phenomena. It turns out that in this case the dimension of the moduli space of maximal G-Higgs bundles is smaller than expected, since up to a compact factor every maximal representation reduces to a representation in a maximal subgroup of tube type. This rigidity phenomenon is very rare in the context of surface groups (see [Tol89, Her91, BGG03, BGG06, BIW10, BGG15, BGR17]), and it is conjectured to happen only for Hermitian groups of non-tube type [KP14] .
For a while, split real groups and Hermitian groups were the only cases providing examples of higher Teichmüller spaces. However, gradually there was evidence that there may be other groups. Groups under scrutiny were the special orthogonal groups of signature (p, q). Of course, for certain values of p and q the group is split or Hermitian, but for most values is neither. One such evidence came from the work of Guichard and Wienhard [GW16] . They defined a notion of positivity for certain Lie groups and for surface group representations into those groups. The notion of positivity for a representation, which refines Labourie's Anosov condition, is open and they conjecture that is also closed, hence detecting connected components of the moduli space of representations. They showed that apart from the split real forms and the real forms of Hermitian type, the only other non-exceptional groups which allow positive representations are the groups locally isomorphic to SO(p, q) for 1 < p < q. Indeed, Collier [Col17] has proved existence of special components containing positive representations for SO(n, n + 1). Although this group is split, the Collier components are different to the Hitchin ones. More recently the existence of special components for SO(p, q) with 1 < p < q containing positive representations has been shown in [ABC+18, ABC+18b] .
After discribing the basic ingredients in the theory of Higgs bundles and the three different situations where higher Teichmüller spaces emerge (split real forms, real forms of Hermitian type and SO(p, q)), we finish the paper with some comments on the conjectural general picture. This seems to relate positive representations, and hence higher Teichmüller spaces, to components of the moduli space for which there exists a Cayley correspondence that generalizes the one for Hermitian groups of tube type and the one for the special components in the moduli space of SO(p, q)-Higgs bundles. Indeed there is also a Cayley correspondence for the Hitchin components. This seems to be the way in which positivity is manifesting from the point of view of Higgs bundle theory. A full study of this is under investigation in [BCGGO] , including the exceptional groups for which there is a notion of positivity. As shown in [GW16] these are real forms of F 4 , E 6 , E 7 and E 8 whose restricted root system is of type F 4 .
As mentioned above, we have focused here on the point of view provided by the theory of Higgs bundles, and offering just a very partial picture. For other approaches, and additional references, one may see the very nice survey papers [BIW14, Wien18] . We have not touched at all, the case of non-compact surfaces for which there is also a very rich higher Teichmüller theory. This situation is studied for example in [FG06, BIW10] . The Higgs bundle approach for the case of surfaces with punctures is very little developped. This involves the theory of parabolic Higgs bundles. In [BGM15] a nonabelian Hodge correspondence is established between parabolic G-Higgs bundles and representations of the fundamental group of the punctured surface with fixed conjugacy classes around the puntures, where G is any real form of a complex reductive Lie group. This generalizes the work of Simpson [Sim90] when G = GL(n, C). Although the split and the Hermitian cases are briefly described in [BGM15] , much work has to be done along the lines of the compact case to study the higher Teichmüller spaces.
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Stability of G-Higgs bundles.
There is a notion of stability for G-Higgs bundles (for details see [GGM09] ). To explain this we consider the parabolic subgroups of H C defined for s ∈ ih as P s = {g ∈ H C : e ts ge −ts is bounded as t → ∞}.
When H C is connected every parabolic subgroup is conjugate to one of the form P s for some s ∈ ih, but this is not the case necessarily when H C is non-connected. A Levi subgroup of P s is given by L s = {g ∈ H C : Ad(g)(s) = s}, and any Levi subgroup is given by pL s p −1 for p ∈ P s . Their Lie algebras are given by
We consider the subspaces
One has that m s is invariant under the action of P s and m 0 s is invariant under the action of L s .
Remark 2.1. The subalgebra m s is the non-compact part of the parabolic subalgebra of Let now (E, ϕ) be a G-Higgs bundle over X, and let s ∈ ih. Let P s be defined as above. For σ ∈ Γ(E(H C /P s )) a reduction of the structure group of E from H C to P s , we define the degree relative to σ and s, or equivalently to σ and χ s , as follows. When a real multiple µχ s of the character exponentiates to a characterχ s of P s , we compute the degree as
This condition is not always satisfied, but one shows ([GGM09, Sec. 4.6]) that the antidominant character can be expressed as a linear combination of characters of the centre and fundamental weights, and there exists an integer multiple m of the characters of the centre and the fundamental weights exponentiating to the group, so we can define the degree.
An alternative definition of the degree can be given in terms of the curvature of connections using Chern-Weil theory. This definition is more natural when considering gauge-theoretic equations as we do below. For this, define
Since the inclusion L s ⊂ P s is also a homotopy equivalence, given a reduction σ of the structure group of E to P s one can further restrict the structure group of E to H s in a unique way up to homotopy. Denote by E 
We define the subalgebra h ad as follows. Consider the decomposition h = z + [h, h], where z is the centre of h, and the isotropy representation ad = ad : h → End(m). Let z ′ = ker(ad |z ) and take z ′′ such that z = z ′ + z ′′ . Define the subalgebra h ad := z ′′ + [h, h]. The subindex ad denotes that we have taken away the part of the centre z acting trivially via the isotropy representation ad. 
α-stable if for any s ∈ ih ad and any holomorphic reduction σ ∈ Γ(E(
α-polystable if it is α-semistable and for any s ∈ ih ad and any holomorphic reduction 
We reserve the name G-Higgs bundle for the K-twisted case. The stability criteria are as in Definition 3.5, replacing K by L.
Remark 2.6. For G semisimple, the notion of α-stability with α = 0 only makes sense for groups of Hermitian type, since α belongs to the centre of h, which is not zero if and only if the centre of a maximal compact subgroup H is non-discrete, i.e., if G is of Hermitian type. For reductive groups which are not of Hermitian type, α-stability makes sense, but there is only one value of α for which the condition is not void. This value is fixed by the topology of the principal bundle (see [GO14] for details).
Remark 2.7. When H C is connected, as mentioned above, every parabolic subgroup of H C is conjugate to one of the form P s for s ∈ ih. In this situation, we can formulate the stability conditions in Definition 2.3 in terms of any parabolic subgroup P ⊂ H C , replacing s by s χ , for any antidominant character χ of h C .
Two G-Higgs bundles (E, ϕ) and (E ′ , ϕ ′ ) are isomorphic if there is an isomorphism These moduli spaces have the structure of a complex analytic varieties, as one can see by the standard slice method, which gives local models via the so-called Kuranishi map (see, e.g., [Kob87] ). When G is algebraic and under fairly general conditions, the moduli spaces M α (G) can be constructed by geometric invariant theory and hence are complex algebraic varieties. The work of Schmitt [Sch08] deals with the construction of the moduli space of L-twisted G-Higgs bundles for G a real reductive Lie group. This construction generalizes the constructions of the moduli space of G-Higgs bundles done by Ramanathan [Ram96] when G is compact (G-Higgs bundles in this case are simply G C -principal bundles), and by Simpson [Sim94, Sim95] when G is a complex reductive algebraic (see also [Nit91] for G = GL(n, C)).
Remark 2.9. If G = GL(n, C), we recover the original notions of Higgs bundle and stability introduced by Hitchin [Hit87] . A G = GL(n, C)-Higgs bundle is given by a holomorphic vector bundle V := E(C n ) -associated to a principal GL(n, C)-bundle E via the standard representation -and a homomorphism
is a stable Higgs bundles and deg
If we consider G = SL(n, C) we have to add that det(V ) ∼ = O (hence deg V = 0) and Tr(Φ) = 0.
The notion of stability emerges from the study of the Hitchin equations. The equivalence between the existence of solutions to these equations and the α-polystability of Higgs bundles is known as the Hitchin-Kobayashi correspondence, which we state below.
Theorem 2.10. Let (E, ϕ) be a G-Higgs bundle over a Riemann surface X with volume form ω. Then (E, ϕ) is α-polystable if and only if there exists a reduction h of the structure group of E from H C to H, that is a smooth section of E(H
C /H), such that (2.3) F h − [ϕ, τ h (ϕ)] = −iαω where τ h : Ω 1,0 (E(m C )) → Ω 0,1 (E(m C )) is the combination of the anti-holomorphic involution in E(m C ) defined
by the compact real form at each point determined by h and the conjugation of 1-forms, and F h is the curvature of the unique H-connection compatible with the holomorphic structure of E (the Chern connection).
This theorem was proved by Hitchin in the case of SL(2, C), by Simpson when G is complex, and in [BGM03, GGM09] for a general reductive real Lie group G Remark 2.11. There is a theorem similar to Theorem 2.10 for L-twisted G-Higgs bundles (see Remark 2.5 and [GGM09] ) for an arbitrary line bundle L. If (E, ϕ) is such a pair, one fixes a Hermitian metric h L on L, and looks for a reduction of structure group h of
where now τ h :
is the combination of the antiholomorphic involution in E(m C ) defined by the compact real form at each point determined by h and the metric h L .
Higgs bundles and representations. Fix a base point
After fixing a presentation of π 1 (X, x), the set of all such homomorphisms, Hom(π 1 (X, x), G), can be identified with the subset of G 2g consisting of 2g-tuples (
The group G acts on Hom(π 1 (X, x), G) by conjugation:
where g ∈ G, ρ ∈ Hom(π 1 (X, x), G) and γ ∈ π 1 (X, x). If we restrict the action to the subspace Hom + (π 1 (X, x), G) consisting of reductive representations, the orbit space is Hausdorff. We recall that a reductive representation is one whose composition with the adjoint representation in g decomposes as a direct sum of irreducible representations. This is equivalent to the condition that the Zariski closure of the image of π 1 (X, x) in G is a reductive group. Define the moduli space of representations of π 1 (X, x) in G to be the orbit space
This is a real algebraic variety. For another point x ′ ∈ X, the fundamental groups π 1 (X, x) and π 1 (X, x ′ ) are identified by an isomorphism unique up to an inner automorphism. Consequently, R(G) is independent of the choice of the base point x.
Given a representation ρ :
where X −→ X is the universal cover and π 1 (X, x) acts on G via ρ. This gives in fact an identification between the set of equivalence classes of representations Hom(π 1 (X), G)/G and the set of equivalence classes of flat principal G-bundles, which in turn is parametrized by the (non-abelian) cohomology set H 1 (X, G). We have the following.
Theorem 2.12. Let G be a semisimple real Lie group. Then there is a homeomorphism R(G) ∼ = M(G).
The proof of Theorem 2.12 is the combination of Theorem 2.10 and the following theorem of Corlette [Cor88] , also proved by Donaldson [Don87] when G = SL(2, C).
the associated G/H-bundle. Then the existence of a harmonic section of E ρ (G/H) is equivalent to the reductiveness of ρ.
Remark 2.14. Theorem 2.12 can be extended to reductive groups replacing π 1 (X) by its universal central extension.
We can assign a topological invariant to a representation ρ given by the characteristic class c(ρ) := c(E ρ ) ∈ π 1 (G) corresponding to E ρ . To define this, let G be the universal covering group of G. We have an exact sequence which gives rise to the (pointed sets) cohomology sequence (2.5)
Since π 1 (G) is abelian, we have
and c(E ρ ) is defined as the image of E under the last map in (2.5). Thus the class c(E ρ ) measures the obstruction to lifting E ρ to a flat G-bundle, and hence to lifting ρ to a representation of π 1 (X) in G. For a fixed c ∈ π 1 (G), we can consider the subvariety of the moduli space of representations R c (G) defined by
Similarly, we can assign a topological invariant to a G-Higgs bundle (E, ϕ). Assuming that G is connected (and hence H is connected), topologically,
Again, this comes from considering the exact sequence
and the corresponding (pointed sets) cohomology sequence
For a fixed such class c, the subvariety M c (G) ⊂ M(G) is defined as the set of isomorphism classes of polystable G-Higgs bundles (E, ϕ) such that c(E) = c.
If G is semisimple, of course, the homeomorphism in Theorem 2.12 restricts to give a homeomorphism
Proposition 2.15. Let G be a connected semisimple real Lie group. Then
(1) There is a homomorphism
(2) If G is compact or complex, the homomorphism in (1) is an isomorphism.
The proof of (2) in Proposition 2.15 is due J. Li [Li93] . An alternative proof using Higgs bundles, and including the case of non-connected reductive Lie groups is given in [GO14] .
The homomorphism in (1) of Proposition 2.15 for a real form of a complex semisimple Lie group may be neither surjective nor injective, as we will see in Section 3.
A basic example: G = SL(2, R)
We consider G = SL(2, R). Let X be a compact Riemann surface of genus g ≥ 2. Given a representation ρ : π 1 (X) → SL(2, R), the invariant associated to ρ, defined in Section 2.3 is an integer d ∈ π 1 (SL(2, R) ∼ = Z. This is the Euler class d ∈ Z of the corresponding flat SL(2, R)-bundle E ρ . We can then define the subvarieties By Milnor [Mil58] , R d is empty unless
A maximal compact subgroup of SL(2, R) can be identified with U(1), and its complexification C * can be embedded in SL(2, C) as the matrices of the form
with a ∈ C * . On the other hand, in this case m C coincides with the matrices
An SL(2, R)-Higgs bundle is then simply a triple (L, β, γ), where L is a holomorphic line bundle over X and The moduli space of representations of π 1 (X) in SL(2, R) was studied by Goldman [Gol88] , who showed that for d satisfying d = g − 1 (same for d = 1 − g) there are 2 2g isomorphic connected components that can be identified with Teichmüller space, and showed that for d such that |d| < g − 1 there is only one connected component. This was also proved by Hitchin [Hit87] , who also gave a very explicit description of each component. Namely, for 0 < |d| < g −1, M d is the total space of a holomorphic complex vector bundle of rank g + 2|d| − 1 over a 2 2g -fold covering of the 2g − 2 − 2|d|-symmetric power of X Sym 2g−2−2|d| X.
To see this, assume that d > 0 (the case d < 0 is similar), then the pair (L, γ) defines an element in Sym 2g−2−2d (X), given by the zeros of γ. But if L 0 is a line bundle of degree 0 of order two, that is, L 2 0 = O, then the element (LL 0 , γ) defines also the same divisor in Sym 2g−2−2d (X). Hence the set of pairs (L, γ) gives a point in the 2 2g -fold covering of Sym 2g−2−2d (X). The section β now gives the fibre of the vector bundle. Notice Riemann-Roch implies that H 1 (X, L 2 K) = 0. The case of d = 0 is a bit more involved (see [Hit87] and [GR18] ) From this we conclude the following.
2g connected components if |d| = g − 1, each isomorphic to C 3g−3 (the fibre of a rank 3g − 3 vector bundle over a 2 2g -fold covering of a point!).
⊗ K is of zero degree and hence has a section (unique up to multiplicaton by a scalar) if and only if
, one has a connected component which is parametrized by β ∈ H 0 (X, K 2 ). Each of these components is diffeomorphic to Teichmüller space.
The Hitchin map, split real forms and Hitchin components
For details on this section, see [GPR18] .
4.1. Maximal split subgroup and Chevalley map. Let g be a reductive real Lie algebra with a Cartan involution θ decomposing g as g = h ⊕ m. Given a maximal subalgebra a ⊂ m it follows that it must be abelian, and one can easily prove that its elements are semisimple and diagonalizable over the real numbers (cf. [Kna96, Chap.VI], note that Knapp proves it for semisimple Lie algebras, but for reductive Lie algebras it suffices to use invariance of the centre and the semisimple part of [g, g] ) under the Cartan involution. Any such subalgebra is called a maximal anisotropic Cartan subalgebra of g. By extension, its complexification a C is called a maximal anisotropic Cartan subalgebra of g C (with respect to g). A maximal anisotropic Cartan subalgebra a can be completed to a θ-equivariant Cartan subalgebra of g, namely, a subalgebra whose complexification is a Cartan subalgebra of g C . Indeed, define
, Proposition 6.47). Cartan subalgebras of this kind (and their complexifications) are called maximally split.
The dimension of maximal anisotropic Cartan subalgebras of a real reductive Lie algebra g is called the the real (or split) rank of g. This number measures the degree of compactness of real forms: indeed, a real form is compact (that is, its adjoint group is compact) if and only if rk R (g) = 0. On the other hand, a real form is defined to be split if rk R (g) = rkg
C . Note that the split rank depends on the involution θ associated with the real form, when g is not semisimple.
In [KR71], Kostant and Rallis give a procedure to construct a θ-invariant
C is a split real form, whose Cartan subalgebra is a and such that z( g) = z(g)∩m. Their construction relies on the following notion. A three dimensional subalgebra (TDS)
It is called principal if it is generated by elements {e, f, x}, where e and f are nilpotent regular elements in m C , and x ∈ h C is semisimple. A set of generators satisfying such relations is called a normal triple.
A subalgebra g ⊂ g generated by a and s C ∩ g, where s C is a principal normal TDS invariant by the involution defining g inside of g C is called a maximal split subalgebra.
Remark 4.1. Let g C be a complex reductive Lie algebra, and let g C R be its underlying real reductive algebra. Then, the maximal split subalgebra of g C R is isomorphic to the split real form g split of g C . It is clearly split within its complexification and it is maximal within g C R with this property, which can be easily checked by identifying
We say that a real Lie group is split if its Lie algebra is split. Let (G, H, θ, B) be a real reductive Lie group. The tuple ( G, H, θ, B) , where G ⊂ G is the analytic subgroup correspoding to the maximal split subalgebra g ⊂ g, H := exp(i h) ≤ H, and θ and B are obtained by restriction, is a reductive Lie group to which we refer as the maximal split subgroup of (G, H, θ, B).
The restriction to a of the adjoint representation of g yields a decomposition of g into a-eigenspaces g = λ∈Λ(a)
where Λ(a) ⊂ a * is called the set of restricted roots of g with respect to a. The set Λ(a) forms a root system (see [Kna96, Chap. II, Sec. 5]), which may not be reduced (that is, there may be roots whose double is also a root). The name restricted roots is due to the following fact: extending restricted roots by C-linearity, we obtain Λ(a C ) ⊂ a C * , also called restricted roots.
We define the restricted Weyl group of g C associated to a C , W (a C ), to be the group of automorphisms of a C generated by reflections on the hyperplanes defined by the restricted roots λ ∈ Λ(a C ). (1) Restriction induces an isomorphism (G, H, θ, B) and ( G, H, θ, B) coincide
We thus have an algebraic morphism, called the Chevalley map
where the double quotient sign stands for the affine GIT quotient.
4.2. The Hitchin map. Let (G, H, θ, B) be a reductive real Lie group. Consider the Chevalley morphism (4.1):
This map is C × -equivariant. In particular, it induces a morphism
The map χ is also H C -equivariant, thus defining a morphism
The map h is called the Hitchin map, and the space B(G) is called the Hitchin base.
In more concrete terms Let p be an
Let p 1 , . . . , p r with r = rk(G) be a basis of the ring of H C -invariant homogeneous polynomials on m C . This basis defines a map
where, for i = 1, 2, . . . , r, d i is the degree of p i . These degrees are independent of the bases and they only depend on G. This is the Hitchin map and hence the Hitchin base is
If G is complex and E is a stable G-bundle, one has (see [Hit87b] ) that
and hence the dimension of B(G) coincides with the dimension of the moduli space of G-bundles, which is half the dimension of M(G). In [Hit87b] Hitchin shows that M(G) is a completely algebraically integrable system and that, for a classical group, the generic fibre is either a Jacobian or a Prym variety of a curve covering X, which is called the spectral curve. 
where m = {symmetric real matrices of trace 0}. A SL(n, R)-Higgs bundle is thus a pair (E, ϕ) , where E is a principal holomorphic SO(n, C)-bundle over X and the Higgs field is a holomorphic section
Using the standard representations of SO(n, C) in C n one can associate to E a holomorphic vector bundle V of rank n with det V = O together with a nondegenerate quadratic form Q ∈ H 0 (S 2 V * ).
A SL(n, R)-Higgs bundle is then in correspondence with a triple
where the Higgs field is a symmetric and traceless endomorphism ϕ :
The simplest case is to consider the complex Lie group SL(2, C) and its split real form SL(2, R). The Lie algebra sl(2, C) has rank 1 and the algebra of invariant polynomials on it is generated by p 2 of degree 2 obtained from the characteristic polynomial
of a trace-free matrix. We are going to define a section of the Hitchin map
where here M denotes the moduli space of polystable SL(2, C)-Higgs bundles. This section will give an isomorphism between the vector space H 0 (K 2 ) and a connected component of the moduli space M(SL(2, R)) ⊂ M of polystable SL(2, R)-Higgs bundles. To construct the section, we consider the elements 
That is, the pairs
form a connected component of M(SL(2, R)) of dimension 6g − 6, and there are 2 2g connected components isomorphic to this one -the number of possible choices of the square K 1/2 . These are precisely the components with maximal integer invariant given by the Milnor inequality, described in Section 3. Now consider the general case SL(n, R) which is the split real form of SL(n, C). The Lie algebra sl(n, C) has rank n − 1 and a basis for the invariant polynomials on sl(n, C) is provided by the coefficients of the characteristic polynomial of a trace-free matrix,
where deg(
where M(SL(n, C)) is the moduli space of polystable SL(n, C)-Higgs bundles.
We are going to define a section of this map that will give an isomorphism between the vector space
and a connected component of the moduli space M(SL(n, R)) ⊂ M(SL(n, C)) of polystable SL(n, R)-Higgs bundles.
A nilpotent element e ∈ sl(n, C) is called regular if its centralizer is (n−1)-dimensional. In sl(n, C) a regular nilpotent element is conjugate to an element
Any nilpotent element can be embedded in a 3-dimensional simple subalgebra x, e,ẽ ∼ = sl(2, C), where x is semisimple, e andẽ are nilpotent, and they satisfy
The adjoint action x, e,ẽ ∼ = sl(2, C) → End(sl(n, C)) of this subalgebra breaks up the Lie algebra sl(n, C) as a direct sum of irreducible representations
with dim(V i ) = 2i + 1. That is, each V i is the irreducible representation S 2i C 2 , where C 2 is the standard representation of sl(2, C), and the eigenvalues of ad x on V i are −2i, −2i + 2, ..., 2i − 2, 2i.
The highest weight vector of V i , defined as a vector e i ∈ V i that is an eigenvector for the action of x and is in the kernel of ad(e), has eigenvalue 2i for ad x. We take V 1 = x, e,ẽ and e = e 1 .
, we define the Higgs field in the Hitchin component by ϕ =ẽ 1 + α 1 e 1 + ... + α n−1 e n−1 , and the vector bundle is given by
The field ϕ is given in the following order of the basis,
Hitchin [Hit92] generalized this construction to the split real form of any complex semisimple Lie group, proving the following.
Theorem 4.3. Let S be a compact oriented surface of genus g > 1. Let G C be a complex semisimple Lie group and let G be the split real form of G C . Then the moduli space R(G) of representations of the fundamental group of S in G has a connected component homeomorphic to a Euclidean space of dimension dim G(2g − 2). Moreover if G C is of adjoint type this component is unique.
When G = PSL(2, R), this component can be identified with Teichmüller space, and this is why Hitchin calls these generalized Teichmüller components. They are now referred as Hitchin components. 
It is a finite group whose cardinality we denote by N. The following theorem is proved in [GPR18] .
Theorem 4.4. Let (G, H, θ, B) be a reductive real Lie group, and let ( G, H, θ, B) be its maximal split subgroup. Then, the choice of a square root of K determines N inequivalent sections of the map h : M(G) → B(G).

Each such section s G satisfies
If G is quasi-split, s G (B(G)) is contained in the stable locus of M(G), and in the smooth locus if Z(G) = Z G (g). 2. If G is not quasi-split, the image of the section is contained in the strictly polystable locus.
For arbitrary groups, the Higgs field is everywhere regular.
The section factors through M( G).
If G split < G
C is the split real form satisfying z(g C ) ∩ iu ⊂ m, s G is the factorization of the Hitchin section through M(G split ).
Hermitian groups and maximal Toledo components
In this section we will assume that G is a connected, non-compact real simple Lie group of Hermitian type with finite centre. We fix a maximal compact subgroup H ⊂ G, with Cartan decomposition g = h + m. The centre Z(H) of H is isomorphic to U(1). For details on this section see [BGR17] . Consider a maximal abelian subalgebra t of h. Its complexification t C gives a Cartan subalgebra of g C , for which we consider the root system ∆ = ∆(g C , t C ) and the decomposition g
we say that the root α is compact (resp. non-compact). We choose an ordering of the roots in such a way that m + (resp. m − ) is spanned by the root vectors corresponding to the non-compact positive (resp. negative) roots.
We denote by ·, · the Killing form on g C . For each root α ∈ ∆, let H α ∈ it be the dual of α, i.e.,
Define, as usual, h α = 2Hα
Hα,Hα
∈ it, and e α ∈ g C α such that [e α , e −α ] = h α . Two roots α, β ∈ ∆ are said to be strongly orthogonal if neither α + β nor α − β is a root (equivalently [g α , g ±β ] = {0}). A system of strongly orthogonal roots is a maximal set of strongly orthogonal positive non-compact roots. It has a number of elements equal to the rank r = rk(G/H) of the symmetric space G/H, i.e., the maximal dimension of a flat, totally geodesic submanifold of G/H. Moreover, for two strongly orthogonal roots γ = γ ′ we have
For a strongly orthogonal system of roots Γ, consider
where G C is the simply connected Lie group with Lie algebra g C and U is its compact real form (with Lie algebra h ⊕ im). We define the Cayley transform as the action of the element c on the Lie algebra g C by Ad(c) : It is well-known that a Hermitian symmetric space of non-compact type G/H can be realized as a bounded symmetric domain. For the classical groups this is due to Cartan, while the general case is given by the Harish-Chandra embedding G/H → m + which defines a biholomorphism between G/H and the bounded symmetric domain D given by the image of G/H in the complex vector space m + . Now, for any bounded domain D there is the Shilov boundary of D which is defined as the smallest closed subsetŠ of the topological boundary ∂D for which every function f continuous on D and holomorphic on D satisfies that
The Shilov boundaryŠ is the unique closed G-orbit in ∂D.
The simplest situation to consider is that of the hyperbolic plane. The Poincaré disc is its realization as a bounded symmetric domain. However, we know that the hyperbolic plane can also be realized as the Poincaré upper-half plane. There are other Hermitian symmetric spaces that, like the hyperbolic plane, admit a realization similar to the upper-half plane. These are the tube type symmetric spaces.
Let V be a real vector space and let Ω ⊂ V be an open cone in V . A tube over the cone Ω is a domain of the form
A domain D is said to be of tube type if it is biholomorphic to a tube T Ω . In the case of a symmetric domain the cone Ω is also symmetric. An important characterization of the tube type symmetric domains is given by the following. (
(iii)Š is a symmetric space of compact type.
There is a generalization of the Cayley map that sends the unit disc biholomorphically to the upper-half plane. Let The following lemma will be important for our Cayley correspondence. The study of certain problems in non-tube type domains can be reduced to the tube type thanks to the following. 
Proposition 5.5. Let G/H be a Hermitian symmetric space of non-compact type. There exists a subgroup G ⊂ G such that G/ H ⊂ G/H is a maximal isometrically embedded symmetric space of tube type, where H ⊂ G is a maximal compact subgroup.
where N is the dual Coxeter number.
Since J is in the center, χ T vanishes on [h C , h C ], hence determines a character.
We study now when the Toledo character lifts to a character of the group H C . Note that this depends on the choice of the pair (G, H) defining the same symmetric space. 
The value of q T in the standard examples is given in Table 3 . Note in particular that q T = . The values of q T in the non-tube case are given in Table 4 .
Finally, the following lemma will prove later that the Toledo invariants defined from the two points of view of Higgs bundles and representations coincide.
Lemma 5.8. The Toledo character χ T defines a symmetric Kähler form on G/H by
with minimal holomorphic sectional curvature −1.
We define now for G of tube type a determinant polynomial, det, on m + , whose degree equals the rank of the symmetric space. This determinant is a familiar object in Jordan algebra theory [FK94] , but it can be introduced in an elementary way as follows Here H ′ 0 is the identity component of H ′ . The existence comes from the Chevalley theorem on invariant polynomials, since the Weyl group acts exactly by all permutations on the (e γ i ) (see again [KV79] ).
The main useful property for us is the following equivariance:
Lemma 5.9. Let G be of tube type. For h ∈ H C and x ∈ m + we have
where χ T is the lifting of χ T to H C .
Note that we implicitly assumed here that the lifting χ T exists, otherwise the same identity remains true after taking power q T .
We define a notion of rank for an element in m + for G of Hermitian type (tube or non-tube). Choose a + = ⊕ This is well defined because the Weyl group acts only by permutations on a + . Also, in the tube case, one can give a more intrinsic interpretation using the determinant: polarize the determinant to get an r-linear map C on m + such that C(x, . . . , x) = det(x); then the rank of x is the maximal integer r ′ such that the (r−r ′ )-form C(x, . . . , x, ·, . . . , ·) is not identically zero, which is clearly an invariant notion.
Remark 5.11. In the case of SU(p, q) the rank on m + specializes to the notion of rank for a rectangular matrix q × p. For Sp(2n, R), the rank on m + is the rank for an element of S 2 (C n ) seen as an endomorphism.
The following proposition plays an important role in what follows.
Proposition 5.12. Let 1 ≤ r ′ ≤ r. The group H C acts transitively on the set of elements of rank r ′ in m + . In particular, the set of regular (that is maximal rank) elements in m + is H C /H ′C .
Toledo invariant and Milnor-Wood inequality.
Let X be a compact Riemann surface and let (E, ϕ) be a G-Higgs bundle over X. The decomposition m
and hence the Higgs field has two components:
When the group G is a classical group, or more generally when H is a classical group, it is useful to take the standard representation of H C to describe a G-Higgs bundle in terms of associated vector bundles. This is the approach taken in [BGG03, BGG06, BGG15, GGM13].
Let (E, ϕ) be a G-Higgs bundle. Consider the Toledo character χ T . Up to an integer multiple, χ T lifts to a characterχ T of H C . Let E(χ T ) be the line bundle associated to E via the characterχ T .
Definition 5.13. We define the Toledo invariant τ of (E, ϕ) by
Ifχ T is not defined, but onlyχ q T , one must replace the definition by Proposition 5.14. Let ρ : π 1 (X) → G be reductive and let (E, ϕ) be the corresponding polystable G-Higgs bundle given by Theorem 2.12. Let f :X → G/H be the corresponding harmonic metric. Then
where ω is the Kähler form of the symmetric metric on G/H with minimal holomorphic sectional curvature −1, computed in Lemma 5.8.
In particular, τ (E) is the Toledo invariant of ρ.
The Toledo invariant is related to the topological class of the bundle E defined as an element of π 1 (H). To explain this, assume that H C is connected. The topological classification of H C -bundles E on X is given by a characteristic class c(E) ∈ π 1 (H C ) as follows. From the exact sequence
we obtain a long exact sequence in cohomology and, in particular, the connection map
where H C is the sheaf of local holomorphic functions in X with values in H C . The cohomology set H 1 (X, H C ) (not necessarily a group since H C is in general not abelian) parametrizes isomorphism classes of principal H C -bundles over X. On the other hand, since dim R X = 2, by the universal coefficient theorem and the fact that the fundamental group of a Lie group is abelian,
since H is a deformation retract for both H C and G. This map thus associates a topological invariant in π 1 (H) to any G-Higgs bundle on X.
By the relation between the fundamental group and the centre of a Lie group, the topological class in π 1 (H) is of special interest when H has a non-discrete centre, i.e., when G is of Hermitian type. In this case, π 1 (H) is isomorphic to Z plus possibly a torsion group (among the classical groups, SO 0 (2, n) is the only one with torsion). Very often (see for example [BGG06] ), the Toledo invariant of a G-Higgs bundle (E, ϕ) is defined as the projection of c(E) defined by (5.4) on the torsion-free part, Z. The general relation is the following.
Proposition 5.15. Let (E, ϕ) be a G-Higgs bundle, and d ∈ Z the projection on the torsion-free part of the class c(E) defined by (5.4). Then d is related to the Toledo invariant by
Definition 5.10 gives the ranks of ϕ + and ϕ − at a point x ∈ X. The space of elements of m ± with rank at most ρ is an algebraic subvariety of m ± , so the ranks of ϕ + and ϕ − are the same at all points of X except a finite number of points where it it smaller. We therefore have a well defined notion of rank of ϕ + and ϕ − :
Definition 5.16. 
In particular, we obtain the familiar Milnor-Wood inequality
and equality holds if and only if ϕ + (resp. ϕ − ) is regular at each point in the case τ < 0 (resp. τ > 0). Theorem 5.17 was proved on a case by case basis for the classical groups [?, Got01, BGG03, BGG06, BGG15, GGM13]. In these references, the bound given is for the integer d ∈ π 1 (H) ∼ = π 1 (H C ) ∼ = Z associated naturally to the H C -bundle E. This differs from the Toledo invariant by a rational multiple. From Table 3 and Proposition 5.15 combined with Theorem 5.17 we obtain the Milnor-Wood inequalities given in [BGG06] for the classical Hermitian groups. Our intrinsic general approach covers of course the exceptional groups and quotients and covers of classical groups that have not been studied previously.
A polystable G-Higgs bundle (E, ϕ) is, by Theorem 2.12, in correspondence with a reductive representation ρ : π 1 (X) → G, and from Proposition 5.14 the Toledo invariant of (E, ϕ) coincides with the Toledo invariant of a representation of the fundamental group in G. In the context of representations the inequality |τ | ≤ rk(G/H)(2g − 2), goes back to Milnor [Mil58] , who studies the case G = PSL(2, R), and was proved in various cases in [Woo71, Dup78, DT87, CO03] , and in general in [BIW10] . We should point out that the Higgs bundle approach gives the Milnor-Wood inequality for an arbitrary representation, as the other approaches do, since such a representation can always be deformed to a reductive one.
5.4. Hermitian groups of tube type and Cayley correspondence. We define a polystable Higgs bundle (E, ϕ) to be maximal if its Toledo invariant τ attains one of the bounds of the inequality i.e., τ = ±r(2g − 2), where r = rk(G/H). We denote τ max = rk(G/H)(2g − 2). Let H * be the non-compact dual of H as defined in Proposition 5.2. In this section we establish a bijective correspondence between maximal G-Higgs bundles over X and K 2 -twisted H * -Higgs bundles over X, as defined in Remark 2.5, where K 2 is the square of the canonical line bundle.
Suppose that (E, ϕ) is a polystable maximal G-Higgs bundle, and choose for example τ = −r(2g − 2). By Theorem 5.17, the field ϕ + has rank r at each point. Let Z C 0 ≃ C * be the connected component of the identity of the center of H C . There is an exact sequence
C -bundles that we will denote by ⊗: in this way, if κ is a line bundle over X, we can define E ⊗ κ (here we are identifying the line bundle κ with its corresponding C * -bundle).
If κ is an o J -root of K, where o J is the order of e 2πJ , then ϕ + defines a reduction of the H C -bundle E ⊗ κ to the group H ′C .
Of course, such κ exists only if o J divides 2g − 2. We will now suppose that κ exists and is fixed. Denote by E ′ the reduction of E ⊗ κ to H ′C . As we have seen,
so that we can define a Higgs field 
Remark 5.19. The condition o J |(2g − 2) is always satisfied for a group of adjoint type, since in this case o J = 1. The cases for p ≤ 2 are somewhat special. For p > 2, rank p orthogonal bundles on X are classified topologically by their first and second Stiefel-Whitney classes, sw 1 ∈ H 1 (X, Z 2 ) and sw 2 ∈ H 2 (X, Z 2 ). These primary topological invariants are constant on connected components of the moduli space M (SO(p, q) ). Since det(W ) ≃ det(V ), it follows that sw 1 (V ) = sw 1 (W ). The components of the moduli space M (SO(p, q) ) are thus partially labeled by triples (a, b, c 
Using the notation M a,b,c (SO(p, q)) to denote the union of components labeled by (a, b, c), we can thus write The main result in [ABC+18, ABC+18b] is that the moduli space M (SO(p, q) ) has additional 'exotic' components disjoint from the components of M top (SO(p, q) ). These exotic components are identified as products of moduli spaces of so-called L-twisted Higgs bundles, where in each factor L is a positive power of the canonical bundle K.
Let L be a fixed holomorphic line bundle on X. An L-twisted SO(1, n)-Higgs bundle on X is equivalent to a triple (I, W 0 , η), where W 0 is a O(n, C)-bundle, I is the rank one orthogonal bundle det(W 0 ) and η : W 0 → I ⊗ L is a holomorphic bundle map. range 0 ≤ d ≤ p(2g − 2), while those in the second family are labeled by a pair (a, c) ∈ (Z 2g − {0}) × Z 2 . Though not described in this way in [Col17] , these families can be identified as follows:
• In the the family labeled by d, each member is isomorphic to , 2) ) is one of the components of M 0,c K p (SO(1, 2) ) as in (6.6).
• In the family labeled by (a, c), each member is isomorphic to 1, 1) ). The components are thus precisely those identified by Theorem 6.3 in the case q = p+1. The component count in this case is, however, different from the case q > p + 1. , 1) ).
With q = p, Theorem 6.3 thus gives 2 2g exotic components of M(SO(p, p)) isomorphic to the moduli spaces
For each a, we can identify For the groups SO(2, q), the connected components of the identity are isometry groups of Hermitian symmetric spaces of non-compact type. As explined in Section 5, the Higgs bundles have an associated Toledo invariant which, up to a normalization constant, is integer-valued but subject to a Milnor-Wood bound. For an SO 0 (2, q)-Higgs bundle sections which parameterize connected components of M(SO(p − 1, p)) ⊂ M(SO(2p − 1), C).
The SO(p, p − 1)-Higgs bundles in the image of the section can be taken to be of the form (K p , K p−1 , σ(q 2 , q 4 , . . . , q 2p−2 )) where (6.14)
and σ is given by a map (6.15) σ :
Theorem 6.3 is a consequence of the following (see [ABC+18, ABC+18b] 
. . , q 2p−2 ) and σ is the map from (6.15).
(1 
thus descends to define a map
(2) The map Ψ is injective. , q) ).
There are several consequences of the results above for the moduli space of representations R (SO(p, q) ). Recall that a representation ρ : π 1 (S) → SO 0 (2, 1) is called Fuchsian if it is discrete and faithful and that, since SO 0 (p, p − 1) is a split group of adjoint type, there is a unique principal embedding
One consequence is a dichotomy for polystable SO(p, q)-Higgs bundles which translated across the Non-abelian Hodge correspondence leads to the following dichotomy for surface group representations into SO(p, q).
Theorem 6.9. Let S be a closed surface of genus g ≥ 2. For 2 < p < q − 1, the moduli space R (SO(p, q) ) is a disjoint union of two sets, 
where α is a representation of π 1 (S) into the compact group O(q−p+1), ρ Fuch is a Fuchsian representation of π 1 (S) into SO 0 (2, 1), and ι is the principal embedding from (6.17).
Remark 6.10. For 2 < p = q − 1, the above theorem does not hold. Namely, there are exactly 2p(g − 1) exotic components of R(SO(p, p + 1)) for which the result fails. In [ Let G be a semisimple Lie group and P ⊂ G be a parabolic subgroup. Let L ⊂ P be the Levi factor of P , it is given by L = P ∩ P opp , where P opp is the opposite parabolic of P. The homogeneous space G/L is the unique open G orbit in G/P × G/P , and points (x, y) ∈ G/P × G/P in this open orbit are called transverse. Definition 7.1. Let S be closed surface of genus g ≥ 2. Let ∂ ∞ π 1 (S) be the Gromov boundary of π 1 (S).
• Transversality: for all distinct x, y ∈ ∂ ∞ π 1 (S) the generalized flags ξ(x) and ξ(y) are transverse.
• Dynamics preserving: see [Lab06, GW12] for the precise notion.
The map ξ ρ will be called the P -Anosov boundary curve.
One important property of Anosov representations is that they define an open subset of the moduli space of representations R(G). The set of Anosov representations is however not closed. For example, for the group PSL(2, C) the set of Anosov representations corresponds to the non-closed set of quasi-Fuchsian representations of R (PSL(2, C) ). The special cases of Hitchin representations and maximal representations define connected components of Anosov representations. Both Hitchin representations and maximal representations satisfy an additional "positivity" property which is a closed condition. For Hitchin representations this was proved by Labourie [Lab06] and Fock-Goncharov [FG06] , and for maximal representations by Burger-Iozzi-Wienhard [BIW10] . These notions of positivity have recently been unified and generalized by Guichard and Wienhard [GW16] .
For a parabolic subgroup P ⊂ G, denote the Levi factor of P by L and the unipotent subgroup by U ⊂ P . The Lie algebra p of P admits an Ad L -invariant decomposition p = l ⊕ u where l and u are the Lie algebras of L and U respectively. Moreover, the unipotent Lie algebra u decomposes into irreducible L-representation:
Recall that a parabolic subgroup P is determined by fixing a simple restricted root system ∆ of a maximal R-split torus of G, and choosing a subset Θ ⊂ ∆ of simple roots. To each simple root β j ∈ Θ there is a corresponding irreducible L-representation space u β j .
In [ When G is a split real form and Θ = ∆, the corresponding parabolic is a Borel subgroup of G. In this case, the connected component of the identity of the Levi factor is L ∆ 0 ∼ = (R + ) rk(G) and each simple root space u β i is one dimensional. The L ∆ 0 -invariant acute convex cone in each simple root space u β i is isomorphic to R + . The set of P ∆ -positive Anosov representations into a split group are exactly Hitchin representations. When G is a Hermitian Lie group of tube type and P is the maximal parabolic associated to the Shilov boundary of the Riemannian symmetric space of G, the pair (G, P ) also admits a notion of positivity [BIW10] . In this case, the space of maximal representations into G are exactly the P -positive Anosov representations. In particular, the above conjecture holds in these two cases.
In general, the group SO(p, q) is not a split group and not a group of Hermitian type. Nevertheless, if p = q, then SO(p, q) has a parabolic subgroup P Θ which admits a positive structure. Here P Θ is the stabilizer of the partial flag V 1 ⊂ V 2 ⊂ · · · ⊂ V p−1 , where V j ⊂ R p+q is a j-plane which is isotropic with respect to a signature (p, q) inner product with p < q. Here the subgroup L Using work by Collier [Col17] , the following is shown in [ABC+18b] . When q = p + 1, this was shown in [Col17] for the Collier components mentioned in Section 6.3. Proposition 7.2 gives further evidence for Guichard and Wienhard conjecture , and it is thus natural to expect that all representations in the connected components from Theorem 6.8 are positive Anosov representations. Indeed, this would follow from the conjecture and Proposition 7.2. Moreover, if the conjecture is true, then the connected components of Theorem 6.8 correspond exactly to those connected components of R(SO(p, q)) which contain positive Anosov representations.
7.2. General Cayley correspondence. As we have seen in Section 5.4, if G is a Hermitian group of tube type, subject to a certain topological constraint (always satisfied if G is of adjoint type, for example), there is a bijective correspondence between maximal G-Higgs bundles and K 2 -twisted H * -Higgs bundles, where H * is a non-compact group determined by the Shilov boundary. In fact H * , is the Levi factor of the parabolic subgroup P which defines positivity and determines the Shilov boundary as G/P . In particular, Theorem 5.18 states that the moduli space of maximal G-Higgs bundles is isomorphic to the moduli space of K 2 -twisted H * -Higgs bundles.
We have also seen in Theorem 6.8 that for the components of the moduli space of SO(p, q)-Higgs bundles containing positive representations, for the positive structure defined above, there is also a generalized Cayley correspondence. Although this seems a bit more involved that the Hermitian case, as explained in [ABC+18b] , the structure of the Cayley partner is entirely determined by the parabolic subgroup of SO(p, q) defining positivity.
When G is a split real form the Hitchin components of M(G) admit a similar interpretation. The positivity condition in this case is defined by a minimal parabolic subgroup P . The Levi factor is L = (R * ) rk(G) and the identity component is L 0 = (R + ) rk(G) . Recall from Section 4.3 that the Hitchin base is given B(G) = ⊕ 
From these three situations it seems natural to conjecture that, in general, higher Teichmüller components, that is, those consisting of positive representations for a certain pair (G, P ), are in correspondence with what one can call Cayley components, i.e., components of M(G) for which there is a Cayley correspondence. Moreover, the structure of the Cayley partner is closely related to the parabolic subgroup defining positivity. Work in this direction is being pursued in [BCGGO] , building upon results in [BCGT] . This includes the exceptional groups for which there is a notion of positivity. As shown in [GW16] these are real forms of F 4 , E 6 , E 7 and E 8 whose restricted root system is of type F 4 .
Appendix A. Tables   We use the following notation for Table 2: • ∆ ± 10 are the half-spinor representations of the group Spin(10, C). They are 16-dimensional.
• M and M * are the irreducible 27-dimensional representations of E 6 , which are dual to each other.
• η r is the representation η r : C * → C * given by z → z r .
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